Abstract. This paper studies the Hilbert scheme of a curve on a completeintersection K-trivial threefold, in the case in which the curve is unobstructed in the ambient variety in which the threefold lives. The basic result is that the obstruction theory of the curve is completely determined by the schemetheoretic Abel-Jacobi mapping. Several applications of this fact are given.
1. Introduction 1.1. The tool: Gauss-Manin connection as obstruction. In this paper we wish to examine some concrete applications of Theorem 13.1 of [C] : Theorem 1.1. Let ∆ denote a small disk around 0 in C with parameter t. Let X/∆ be a deformation of the complex projective manifold X 0 . Suppose
is a proper family of submanifolds of X 0 of fiber dimension q over a smooth (not necessarily compact) base Y which are smooth and irreducible of dimension q and suppose, for simplicity, that the total space Y 0 of the family is embedded in X 0 . Suppose p 0 extends to
a proper and smooth family with fiber dimension q embedded in X n , the part of X over ∆ n via the commutative diagram
As in the proof of Theorem 13.1 of [C] , we construct a C ∞ "transversely holomorphic" trivialization
which is "adapted to (2)," that is,
for each w ∈ Y ′ 0 . We consider the associated family of complex tori
If, as in [C] , we define
and so we can rewrite J q (X/∆) as
In this last formulation the Abel-Jacobi map
is given by the mapping
Recapping the proof of Theorem 13.1 of [C] in this setting,
has by construction the property that, for j ≤ n,
where T p0 is the sheaf of tangent vectors to the fibers of the fibration p 0 . Again following [C] the action of the Gauss-Manin connection is given by the operator ∂ξ ∂t .
Thus by type (3) restricted to
is given over ∆ n by
since, using (4), all other summands are zero through order n. Now suppose
is an abelian subvariety orthogonal to
the abelian fiber over t = 0. Then (6) induces a splitting of
as follows. By Hodge theory there exists a cofinite lattice
in H 2q+1 (X/∆; Z) and a direct sum decomposition
is an isogeny taking the second summand onto A/∆. Furthermore the action of the Gauss-Manin connection respects the direct sum decompostion. Thus, since
So if we know that the image of the Abel-Jacobi mapping ϕ (Y ′ 0 ) ⊆ A 0 the mapping (5) must in fact be zero.
1.3. The setting: Curves on K-trivial threefolds. Our special situation is one in which P is a projective manifold, E → P is a vector bundle, π : P × ∆ → ∆ the standard projection, and
is a family of smooth threefolds {X t } t∈∆ given as the zero scheme of a regular section
Our final critical assumption is that
Let J ′ denote a connected Zariski-open subscheme of the Hilbert scheme of curves on P with universal curve
We assume: i) For all {Z} ∈ J ′ , Z is a connected smooth subscheme of P of dimension 1. ii) For all {Z} ∈ J ′ , the normal bundle N Z\P satisfies
So J ′ is smooth with tangent space
If, for some {Z} ∈ J ′ and t ∈ ∆ we have that
by (9) and the fact that
So, restricting to a Zariski open dense subset of J ′ if necessary we can and will assume that, for all {Z} ∈ J ′ ,
Thus we have that
is a vector bundle
with a distinguished section
Fundamental to the results of this paper is the following:
Lemma 1.2. The zero-scheme
of s is the intersection of the Hilbert scheme of X with J ′ × ∆.
Proof. The assertion is exactly Theorem 1.5 of [Kl] where (10) is the needed hypothesis.
As in [CK] we consider E ∨ as linear functions on E which we pull back to J ′ via the section s = p * q * σ. Thus by Lemma 1.2
has image equal to the ideal sheaf
so that for each t we have exact
And for any curve {Z} ∈ I ′ we have
so that the expected dimension of I ′ is always one.
We denote the incidence scheme
′ fibered over ∆ with fibers I t /I ′ t and we let I denote the ideal sheaf of I ⊆ I ′ × ∆ X above, and let
′ t denote the restrictions of I and I ′ respectively to fibers over t ∈ ∆.
1.4. The result. Our goal is to prove that, in the above setting, the only obstructions to deforming continuous families of curves in I ′ 0 with X 0 are cohomological, that is, they arise from the Abel-Jacobi mapping for the family. A surprising corollary is that a continuous family of rational curves on a complete-intersection Calabi-Yau threefold X 0 whose intermediate Jacobian has no abelian subvarieties always deforms.
Curvilinear obstructions
Since we will need to work with obstructions arising from only curvilinear deformations, we will need the following general lemma before proceeding. Let X → X ′ be a family of complex manifolds parametrized by a smooth space X ′ with distinguished point {X 0 }. Let ∆ be the complex unit disk with parameter t, and let
Lemma 2.1. Let Z 0 be a submanifold of X 0 and let
Suppose that, for all n > 0 and for all flat deformation
of Z 0 , the obstructions υ to extending the family to a diagram
Proof. Let I ′ denote the ideal in the local ring of X ′ at 0 which locally defines I ′ . The obstructions to further extension of
(See Chapter 1 of [Ko] ). Let g 1 , . . . , g s ∈ I ′ give a basis for
≤ s and, using the "Curve Selection Lemma" (Lemma 5.4 of [FM] ), choose maps
such that
. By construction (see, for example, the proof of Proposition 4.7 of [BF] ), each element
is non-zero in the quotient vector space
So the elements (14) are linearly independent in
3. Local analytic obstructions 3.1. Localizing. Returning to the situation of 1.3, let S ′ 0 denote a reduced smooth quasi-projective scheme in
is locally free, and let
be the ideal sheaf of S ′ 0 (on the appropriate open dense subset of J ′ ). Assume that
is also locally free. Define
Applying Rp * to the exact sequence
we obtain the exact sequence
since, by hypothesis,
Now from (12) we have exact
from which we achieve an injection
and so, composing with the surjection
in (15) we construct a map
On the other hand, by general obstruction theory (see, for example, Chapter 1 of [Ko] ) we have an injective map
We wish to show that under certain base extensions, α and β give the same obstruction map. But first we need to make precise the pull-backs we will need for this assertion. Let
be a small analytic open set and suppose that, for some polydisk D, we have an immersion 
. By construction (see again, for example, the proof of Proposition 4.7 of [BF] ), each element
gives a never-zero section of the quotient vector bundle
We claim that, for each i,
To prove the claim, it sufices to prove the following lemma.
be an analytic map of thet-disk∆ such that
Proof. We consider the pull-back family of threefolds
given by the zero-scheme of the sectionσ of the pull-back bundle (id., t) * π * E on P ×∆. 
Then as in §11 of [C] the Kuranishi datã ξ = j>0ξ jt j associated to the trivialization F has the property that
is the obstruction class to extending the family (20) to a family of curves iñ X m+1 /∆ m+1 . But by the construction of the trivialization F above this class is given by the obstruction to extending the map
But this last obstruction class, which lives in
, is the image ofs
under the mapẼ
induced by the exact sequence
Obstructions as Kähler differentials.
Lemma 3.2. The map
given by (1) in Theorem 1.1 is surjective.
Proof. Let Γ be the inverse image of Γ ′ under
this latter isomorphism being often called "integration over the fiber." Now consider the map
induced by
is surjective because its dual via Verdier duality
is injective. Composing (22) with integration over the fiber we obtain a surjection
Finally recall that S 0 denotes the ideal of S 0 ⊆ S ′ 0 × X 0 . Since ω X0 is trivial and X 0 is a threefold we have
or, said otherwise,
where α is a fixed generator of H 0 (ω X0 ). Composing with (23) we have the desired surjection
Now the restriction of the map (25) to Y ′ 0 is the map (1) in Theorem 1.1. So, in a situation in which the hypotheses of Theorem 1.1 are satisfied, the obstructions (19) lie in the kernel of the surjection
Then applying Lemma 2.1 we can conclude
We now come to the main result of this paper, which treats a situation in which the hypotheses of Theorem 1.1 are indeed satisfied.
The main theorem
Continuing with the situation of 1.3, for
is the universal curve. Then
where, referring to §3, {Z 0 } ∈ Y ′ 0 ⊂ S 0 . We consider the Abel-Jacobi map
where A 0 is an abelian variety spanned by ϕ 0 (S ′ 0 ). This map is determined by the choice of basepoint {Z 0 } ∈ S ′ 0 . We write
where M 0 denotes the maximal abelian subvariety (lying in
Theorem 4.1. Given (27), suppose that
is an abelian subvariety over ∆ extending M 0 . Then (possibly after base extension) there is a family of curves on generic X t generating an abelian subvariety A
Proof. As in (12) we have
with exact rows and vertical surjections, let
restrict to a basis for the kernel of the morphism
The g i define a smooth analytic space
Further we claim that the inequality (26) holds.
To prove this, we must check that the hypotheses of Theorem 1.1 hold for oneparameter local analytic families extending Y 0 /Y ′ 0 . But, since we are in a projective algebraic situation, these analytic families must come from analytic localizations as in §3 of maximal algebraic families. Using a small disk∆ with parametert as before, these algebraic families T ′ /∆ are of the following type. We consider a morphism
such that T ′ /∆ is proper and flat and, if T ′ 0 denotes the fiber over 0 ∈∆,
For any such ρ, let m be minimal such that
We letX
be the pullbacks of X/∆ and M/∆ respectively,
and
We letM
Then, since M 0 is assumed to be the maximal abelian subvariety of J 2 (X 0 ), So we must show that, for each diagram (28) as above, the composition
is zero, that is, the map
given by the Gauss-Manin connection is zero. But by maximality
and by hypothesisM 0 extends to a rational sub-Hodge-structureM /∆ ⊆ J 2 X /∆ .
Thus, as we have shown in §1.2 of the introduction, (30) is the zero map. So we have established that (29) is the zero map.
So by (26) we have at a general point
On the other hand, since codimension is lower semi-continuous,
Thus the above inequalities are actually equalities and
So S ′ 0 is a codimension-one subvariety of some component of I ′ red. . So, in particular, the general curve Z 0 parametrized by S ′ 0 is the specialization of curves on the nearby X t , which completes the proof of the theorem.
The weak point of Theorem 4.1, in addition to the fact that it is only a variational result, is the hypothesis that the curves Z of the family parametrized by S ′ 0 are strongly unobstructed in P , i.e.,
That this condition is necessary for the proof is shown by the following example due to C. Voisin. Let Z be the generic projection to P 3 of a canonical curve of genus 5 and let X 0 be the most general quintic in P 4 which contains Z. Let A 0 be zero. In this case I ′ red. = S ′ 0 = P 1 , and Z moves in a basepoint-free pencil on a smooth hyperplane section of X 0 . However a constant count shows that the generic quintic threefold contains only a finite number of curves which can specialize to curves in I ′ . The problem is that Z lies in two components of the Hilbert scheme of curves (of genus 5 and degree 8) in P 4 , one corresponding to full canonical embeddings of curves of genus 5 and the other obtained by deforming the line bundle used to imbed Z to a general line bundle of degree 8. (One might be tempted to reimbed X 0 "more positively" in some "bigger" P to achieve the unobstructedness of Z in the new P , but then, of course, one loses the vector bundle E.)
Notice that the condition
is always satisfied if
is a rational curve. Thus the final assertion in 1.4.
An example
A rather striking yet simple example of Theorem 4.1 is the following result on the mirror family to quintic threefolds, originally proved for the case of lines by van Geemen [AK] . Consider the pencil X t of quintic threefolds given by Then the natural action of G on each X t gives a family
To see that M 0 is maximal, we need only show that the 2-dimensional complex torus J 2 (Y 0 ) does not contain an elliptic curve in Corollary 5.1. Any continuous family S ′ 0 of rational curves on the Fermat quintic X 0 whose generic member is smooth lies in the specialization at t = 0 of a continuous family T ′ t on X t for t generic.
